Abstract. We present various multivariate generalizations of the Matsaev's conjecture in different settings, namely on L p -spaces, non-commutative L p -spaces and semigroups. We show that the multivariate Matsaev's conjecture holds true for any commuting tuple of isometries on L p -spaces. We prove a similar result for Schatten-p classes. We prove the Matsaev's conjecture is eventually false for all 1 < p < ∞. We also show that any two parameter strongly continuous semigroup of contractions on a Hilbert space satisfies the multivariate Matsaev's conjecture for semigroups. At the end, we discuss some open questions.
Introduction
In 1950, von Neumann [vN] proved that if T is a contraction on a Hilbert space and P is any polynomial in a single variable, then
where for any complex polynomial P in n variables and any subset K of C n , we define P ∞,K := sup{|P (z 1 , . . . , z n )| : (z 1 , . . . , z n ) ∈ K}, Thereafter, the von Neumann inequality has become one of the most important operator theoretic tools (see [BC] ) and has been successfully used for multiple developments in the field of operator theory. The original proof of the von Neumann inequality was accomplished by a delicate use of function theory. However, now a days, more popular and commonly used approach of proving the von Neumann inequality is through the dilation theory, which ensures that any contraction on a Hilbert space always admits a unitary dilation (see [PV] Chapter 3 and [BC] Chapter 1). Several attempts have been made to generalize this inequality for commuting tuple of contractions. Ando's dilation theorem [AT] readily implies that the von Neumann inequality holds true for two commuting contractions. Unfortunately, the von Neumann inequality fails to be true in general. In 1974, Varopoulos [N] used sofisticated probabilistic tools combined with techniques from the metric theory of tensor product to show that the von Neumann inequality does not generalize to arbitrary number of commuting contractions. In the end of the same paper, together with Kaijser ( [N] ), he constructed an explicit example of three commuting contractions T 1 , T 2 , T 3 on a five dimensional complex Hilbert space and a polynomial P of degree two such that P (T 1 , T 2 , T 3 ) > P ∞,D 3 := sup
|P (z 1 , z 2 , z 3 )| It is known that the von Neumann inequality is true for any commuting tuple of contractions, when the dimension of the underlying Hilbert space is less than or equals to three (see [K] , [D2] ). Holbrook [H] found a 3-tuple of 4 × 4 matrices for which the von Neumann inequality fails. For more on the von Neumann inequality and its extensions to the multivariate setting and counterexamples, we recommend the readers [BA] , [BC] , [RS] and [CD] .
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It is known that if X is a Banach space for which P (T ) X→X ≤ P ∞,D for any contraction on T on X and any complex polynomial P in a single variable. Then X is essentially isomorphic to a Hilbert space. Thus one can not get a von Neumann type iequality for arbitrary Banach space.
In 1966, V. I. Matsaev (see [Nk] ) proposed the following possible generalization of the von Neumann inequality on L p -spaces, which is, given any contraction T on a σ-finite L p -space, and any polynomial P in a single variable P (T ) ≤ P (R) ℓp (N) →ℓp (N) , where R is the right shift operator on ℓ p (N), defined as R(x 1 , x 2 , x 3 , . . . ) := (0, x 1 , x 2 , x 3 , . . . ).
The above mentioned proposition is renowned to be the famous Matsaev's conjecture (see [PG] , Page no. 30). It is well known that the Matsaev's conjecture remains true for any contraction T on an L p -space which admits a contractive positive majorant, that is to say that there exists a positive contraction S, so that |T (f )| ≤ S(|f |). This follows from the fact that this class of operators admit isometric dilations. We refer the reader [AK] , [CRG] , [PE1] , [PE2] and [PE3] for more informations in this direction. Also, we recommend [AC] for generalizations in the setting of non-commutative L p -spaces and [F1] for semigroups. The Matsaev's conjecture was open for a long time until Drury [D1] exhibited an explicit counterexample for p = 4. The Matsaev's conjecture is still open for all the other values of p. We also recommend [FS] for another formulation of the Matsaev's conjecture in connection with analytic semigroup and functional calculus and [AM1] , [AM2] for many results associated to the Matsaev's conjecture and dilations on commutative and non-commutative L p -spaces.
In this paper, we consider the Matsaev's conjecture in various multivariate settings. We need the following definitions. Definition 1.1. Suppose w = (w i 1 ,...,in ) i j ∈N is a sequence of positive real numbers and X is a Banach space. We define the weighted vector-valued Banach space associated with the weight w and the Banach space X as the following
If w i 1 ,...,in = 1 for all i j ∈ N, 1 ≤ j ≤ n, we denote the Banach space by ℓ p (N n , X). We denote the Banach spaces ℓ p (ω, C) and ℓ p (N n , C) by ℓ p (ω, N n ) and ℓ p (N n ) respectively. Definition 1.2 (Right shift operators on ℓ p (w, X)). For 1 ≤ j ≤ n, the j-th right shift operator on ℓ p (w, X) is denoted as R j and is defined by
Definition 1.3 (Left shift operators on ℓ p (w, X)). For 1 ≤ j ≤ n, the j-th right shift operator on ℓ p (w, X) is denoted as S j and is defined by (S j (a)) i 1 ,...,i j ,...,in := a i 1 ,...,i j +1,...,in .
In Section 2, we show that for any n-tuple of commuting isometries (not necessarily onto) U = (U 1 , . . . , U n ), on any σ-finite L p -space, the multivariate generalization of the Matsaev's conjecture holds to be true, i.e. we have
for any polynomial P in n variables and R = (R 1 , . . . , R n ) is the n tuple of right shift operators on ℓ p (N n ) defined as in Definition 1.2, where for any n-tuple of operators T = (T 1 , . . . , T n ) on a Banach space X, we define P (T) := P (T 1 , . . . , T n ). In this section, we also prove that the Matsaev's conjecture fails eventually. More precisely, we establish the following. Let 1 < p < ∞ and k ≥ 3 be a natural number. Then there exists an N = N (p) ∈ N, a homogeneous polynomial P = P (p) of degree k in N -variables and a commuting tuple of contractions
At the end of this section, we introduce the notion of joint pw-topology. In Section 3, we discuss generalizations in the case of non-commutative L p -spaces and semigroups. We prove a result analogous to (1.1) for Shatten-p classes. We show that any two parameter strongly continuous semigroup of contractions on a Hilbert space satisfies the corresponding multivariate Matsaev's conjecture for semigroups. We close our article by mentioning some relevant open questions, which can be topics of future investigations and further research.
. Unless specified, we shall always work with σ-finite measure spaces and consider L p -spaces for which 1 < p < ∞. It is easy to observe that for p = 1 and ∞ multivariate analogues of the Matsaev's conjecture hold automatically.
n-Matsaev Property and Dilation on commutative L p spaces
In this section, we generalize the Matsaev's conjecture on L p (Ω, F, µ) for some σ-finite measure space (Ω, F, µ). We formulate the Matsaev's conjecture in the multivariate setting and show that it holds true for any commuting tuple of isometries. We also develop an appropriate notion of dilation and exhibit three commuting positive contractions on an L p -space, which do not admit Hilbert space type unitary dilation. We establish that the Matasev's conjecture is eventually false. At the end of this section, we discuss the notion of joint pw-topology. We state the multivariate Matsaev's conjecture as below.
Definition 2.1 (n-Matsaev property). Let T = (T 1 , . . . , T n ) be a commuting tuple of contractions on L p (Ω, F, µ). We say that the tuple T = (T 1 , . . . , T n ) has n-Matsaev property if and only if for all complex polynomials P in n variables,
where R = (R 1 , . . . , R n ) is the n-tuple of right shift operators on ℓ p (N n ) as in Definition 1.2.
To proceed further, we need to recall the definition of Fourier multipliers for locally compact abelian groups. We relate the multiplier norm of the polynomial to the norm of the polynomial appearing in Definition 2.1. Definition 2.2 (Fourier multipliers). Let G be a locally compact abelian group with its dual group G.
We denote such an operator T by M φ . We represent the set of all Fourier multipliers on G by M p (G) . It is well known that the set M p (G) equipped with the operator norm is a Banach algebra under pointwise multiplication. For more on multiplier theory on locally compact abelian groups, we recommend the reader [L] .
Given a complex polynomial P (z 1 , . . . , z n ) = N j k =0 a j 1 ,...,jn z j 1 1 . . . z jn n in n variables, we associate a sequence of complex numbers, a(P ), indexed by Z n as the following
We shall require the following lemma, which is one of the key ingredients to disprove the multivariate Matsaev's conjecture.
Lemma 2.3. Suppose P is a complex polynomial in n variables, then we have the identity
Proof. For notational simplicity, we assume n = 2. The proof for the general case goes in the same spirit. Let P (z 1 , z 2 ) = N m,l=0 a m,l z m 1 z l 2 be a complex polynomial in two variables. We fix an ǫ > 0 and choose c in ℓ p (N 2 ) with norm one and compact support such that
Corresponding to the above sequence c, we define a sequencec = (c i,j ) indexed by Z 2 , such that the support ofc is contained in N 2 andc i,j = c i,j , for i, j ≥ 1. With the help of an explicit computation, we obtain the following
where the sequence a(P ), associated to the polynomial P is as in (2.12). Again, it follows from an explicit computation that
Thus, in view of (2.2), (2.3) and (2.4), one easily deduces the following
where M a(P ) is the operator corresponding to P as in Definition 2.2. By letting ǫ arbitrarily close to zero in (2.5), we get that
We fix a positive real number δ > 0 and choose a sequence d, indexed by Z 2 with compact support such that d ℓp(Z 2 ) = 1 and a(P )
there exists an integer M ≥ 0, so that d i,j = 0, whenever one of i or j is less than or equals to −M . We define a sequence e indexed by Z 2 as the following
One immediately notices the equality M a(P ) e ℓp(Z 2 ) = M a(P ) d ℓp(Z 2 ) . Therefore in view of (2.5) and a similar argument used before, without much effort one can see that
This completes the proof.
Corollary 2.4. From the bsic fact of the Fourier multipliers, that
We make use of a well-known transference principle due to Coifman-Weis [CRG] and prove that any n-tuple of commuting onto isometries has n-Matsaev property.
Proof. We define the strongly continuous uniformly bounded representation R :
n . Now, given any complex polynomial P in n variables, we associate a sequence a(P ) as in 2.12. Therefore if we consider the convolution operator M a(P ) and use Coifman-Weiss trasference principle [CRG] . and Lemma 2.3, the required conclusion then follows immediately.
Remark 2.6. Assuming Ando's dilation theorem [AT] , the above theorem gives an alternative proof of the von Neumann inequality in two variables, which replaces the role of the spectral theorem by the transference principle. However, we have a much general result due to the following theorem, which uses some ideas which goes back to Kitover.
is a sequence of positive real numbers indexed by N n with the following properties:
(1)
Then for any polynomial P in n variables,
where
Proof. Let R j be the j-th right shift operator on
. By the properties of the weight w, we have the following observation
.
Thus R j becomes a bounded operator for each j, 1 ≤ j ≤ n. We observe that as Banach
is a sequence of positive real numbers indexed by N n and for each
We have the duality relationship between the Banach spaces, which is given by
We choose a positive real number λ in (0, 1) and define
Since we have w i 1 ,...,in ≥ 1 for all i j ∈ N, 1 ≤ j ≤ n and λ is in (0, 1), the quantity M is finite. We notice that, for any tuple (m 1 , . . . , m n ) of nonnegative integers, the identity R * 1
It is worth noticing that here, we actually use the commuting properties of the operators U i 's. Therefore, one obtains that
. We readily see that for any polynomial P in n variables
We make use of this to obtain the following inequality
Henceforth, following (2.6) and (2.7), we observe that for any polynomial P in n variables, one has the inequality F, µ) ) and G = (g i 1 ,...,in ), where P (R)F = G. We have the following observation
Thus we conclude that P (R)
is a sequence indexed by N n and define
. Therefore we obtain the inequality P (R)
. Using duality, one can immediately notice that
Also, it is not hard to observe that
This completes the proof of the theorem.
Remark 2.8. In the above theorem, if one takes w i 1 ,...,in equals to be one, for all i j ∈ N and 1 ≤ j ≤ n, then it trivially follows that any commuting n tuple of isometries (not necessarily onto) has n-Matsaev property.
The following theorem is a slight generalization of the above corollary.
Theorem 2.9. Let 1 ≤ p ≤ ∞ and X be a Banach space. Suppose T = (T 1 , . . . , T n ) is a commuting tuple of isometries on X. Then for any polynomial P in n-variables, we have the following inequality
Proof. We shall only consider the case 1 < p < ∞. For p = 1, ∞, the theorem follows easily. We choose r ∈ (0, 1). Since each T i , 1 ≤ i ≤ n is an isometry, we have the following (2.8)
Let us denote C r :=
In view of eq. (2.8), W r is an isometry. We notice the following identity
Thus we have
Hence we have the following
We let r tends to one to get the desired inequality.
Remark 2.10. In literature, the von Neumann inequality for matrix valued has also been payed much attention. In this regard, a multivariate matrix valued Matsaev's conjecture can be proposed as follows.
We say that the tuple T has matrix-valued n-Matsaev property, if
for any polynomials P i,j , 1 ≤ i, j ≤ N, and P i,j 's are polynomials in n variables.
The following corollary follows from a matrix-valued transference principle proved in [F1] .
Then, the tuple U has matrix-valued n-Matsaev property.
Definition 2.13 (Strong unitary (isometric) dilation on L p space). Let T = (T 1 , . . . , T n ) be a commuting tuple of contractions on L p (Ω, F, µ). We say that T = (T 1 , . . . , T n ) admits a strong unitary (isometric) dilation if there exists a σ-finite measure space (Ω ′ , F ′ , µ ′ ) and commuting tuple of unitary (isometric) operators
for all non-negative integers i 1 , . . . , i n . In terms of commutative diagram
for all non-negative integers i 1 , . . . , i n In view of Theorem 2.7, we can deduce that if T = (T 1 , . . . , T n ) is a commuting tuple of contractions on L p (Ω, F, µ) which admits a strong unitary dilation, then it has matrix-valued n-Matsaev property.
Definition 2.14 (Hilbert space type unitary (isometric) dilation on L p -space). Let T = (T 1 , . . . , T n ) be a commuting tuple of contractions on L p (Ω, F, µ). We say that (T 1 , . . . , T n ) admits a Hilbert space type unitary (isometric) dilation if there exists a σ-finite measure space (Ω ′ , F ′ , µ ′ ) and commuting tuple of unitary (isometric) operators
and one has the following
for all non-negative integers i 1 , . . . , i n .
Remark 2.15. The notion of dilation on Hilbert spaces agrees with the notion of Hilbert space type dilations. On the other hand, the dilations on L p -spaces are rather elusive in nature. However, it is well known that there are operators on L p -spaces which actually admit Hilbert space type isometric dilations (see [PE3] ).
Proof. Let us choose U 2 = I and U 1 , U 3 two non-commuting onto isometries on L p (Ω, F, µ). It immediately follows that
It is easy to notice that T i = 1 and T i T j = T j T i = 0 for 1 ≤ i, j ≤ 3. Thus (T 1 , T 2 , T 3 ) is a commuting tuple of contractions. If possible suppose (T 1 , T 2 , T 3 ) admits a Hilbert space type unitary dilation. Hence there exists a σ-finite measure space (Ω ′ , F ′ , µ ′ ) and commuting tuple of onto isometries (
and which clearly implies that g = 0. Again we observe that
Therefore by (2.9), we have (2.10)
In view of, (2.10) we get a contradiction.
Remark 2.17. L p -spaces, for which there exists at least two non-commuting unitary operators are easy to find. As an example, one can always consider
In view of Theorem 2.16 and the above remark, we have the following corrolary. 2.1. Faliure of the multivariate Matsaev's conjecture. It is known that if one restricts himself on the class of two degree homogeneous polynomials, the von Neumann inequality holds up to a universal constant (see [N1] ). Also, look [RG] (Page no. 27) for an improved bound. Furthermore, it is known that the von Neumann inequalty always holds, whenever one considers linear polynomials. In view of this we notice that the same is true for the multivariate Matsaev's conjecture, i.e. for any commuting tuple of contractions T = (T 1 , . . . , T n ) on a Banach space X, one has P (T) X→X ≤ P Mp(Z n ) , where P is a linear polynomial in n variables.
We prove that the Matsaev's conjecture fails eventually. For this, we follow the approach which goes back to [N] and later successfully modified by [D3] and [GD] to obtain various asymptotic behaviours of the von Neumann inequality. We pretty much follow the construction appeared in [GD] . To begin with, we shall need the following classical result which follows from the KahaneSalem-Zygmund theorem [Ka] ( Chapter 6) about supremum norm about random polynomials. In [Ka] , the author used Kahane-Salem-Zygmund theorem to derive various arithmetic properties od Sidon and Helson sets. We also recommend the readers for some recent work on supremum norm on random polynomials.
Let C ⊆ N n 0 be a set of multi-indices, where N 0 = N ∪ {0}. Suppose for every α ∈ C, |α| = k, where := n i=1 α i . Let (ǫ α ) α∈C be a Rademacher system on some probability space (Ω, F, µ). Then we have µ ω ∈ Ω :
where D > 0 is an absolute constant less than 8. As a consequence, one can always find a homogeneous polynomial of degree k such that
and c α ∈ {+1, −1}.
Corollary 2.19. Let 1 < p < 2 and C ⊆ N n 0 be a set of multi-indices. Suppose for every α ∈ C, |α| = k. Then there exists a homogeneous polynomial P = α∈C c α z α of degree k, such that c α ∈ {+1, −1} and
Proof. By the Kahane-Salem-Zygmund theorem, one can obtain a homogeneous polynomial P = α∈C c α z α of degree k, such that
where c α ∈ {+1, −1}. Since it is known that for any locally compact abelian group G,
Again we know that for each φ ∈ M 1 (G) there exists a unique measure ν ∈ M (G) such that ν = φ with φ M 1 (G) = ν . Hence we obtain for the above polynomial P M 1 (Z n ) = |C|. Now the corollary follows by the Riesz-Thorin complex interpolation theorem.
To prove our main result, we can use above corollary to produce polynomials with small multiplier norm. But to work with specific polynomials, we need the following combinatorial notion of Partial Steiner System. Definition 2.20 (Partial Steiner System). Let n ∈ N and 1 ≤ t ≤ k ≤ n. A partial Steiner system with the parameters t, k and n is a collection of subsets of {1, . . . , n} of cardinality k, called as blocks which has the property that every subset of {1, . . . , n} of size t is contained in at most one block of the system. We denote a partial Steiner system by S p (t, k, n). Now to produce polynomials with small multiplier norm, we shall confine ourselves within Steiner unimodular polynomials. This type of polynomials are actually supported on a partial Steiner system. We shall following combinatorial result which has been proved in [Km] , that there exists a partial Steiner system S p (k − 1, k, n) such that
We also refer [AN] related to similar work. Definition 2.21 (Steiner unimodular polynomial). Let S p (t, k, n) be a partial Steiner system. Corresponding to the partial Steiner system, let C S a set of multi-indices defined as follows. We take a block J = {j 1 , . . . , j k } in S p (t, k, n). Let {i 1 , . . . , i k } be the increasing rearrangement of {j 1 , . . . , j k }, which we denote by J * . Then define a multi-index (α 1 , . . . , α n ) ∈ N n 0 , where α i = 1, if i = i l , 1 ≤ l ≤ k and 0 otherwise. We denote this multi-index by same notation J * . Now define a set of multi=indices C s = {J * : J ∈ S p (t, k, n)}. A polynomial of the form P (z) = α∈C S z α , with α ∈ {+1, −1} n for all α ∈ C S is called a Steiner unimodular polynomial.
We briefly recall the constructions of commuting contractions which appeared in [GD] . We fix k, n ∈ N. Let H be a finite dimensional Hilbert space with the following orthonormal basis:
where γ is defined as
It has been proved in [GD] that T = (T 1 , . . . , T n ) is a commuting tuple of contractions on H.
Since construction of this kind of operators first appeared in [D3] , we call such a commuting tuple of contractions to be a Dixon's n-tuple. We need the following lemma which might be known to specialists. I thank Prof. William B. Johnson providing hints for the proof.
Lemma 2.22. Let 1 < p < ∞. then for every n ≥ 1, there exists a subspace E n of L p ([0, 1]) such that E n is isometrically isomorphic to ℓ n 2 and the projection map P n :
(2.12)
. Let E n be the random subspace spanned by (G j 
is the standard orthonormal basis in ℓ n 2 . Using properties of Gaussian random variables, it is easy to show that U n is indeed an isometry.
Therefore, by duality we deduce
Note that for standard complex Gaussian random variable (E|G|
Theorem 2.23. Let 1 < p < 2 and k ≥ 3 be a natural number. Then there exists an N = N (p) ∈ N, a homogeneous polynomial P = P (p) of degree k in N -variables and a commuting tuple of contractions
Proof. Let T = (T 1 , . . . , T n ) be a Dixon's n-tuple. Let us choose a Steiner unimodular polynomial P coming from a partial Steiner system S p (k − 1, k, n). For any Steiner unimodular polynomial P coming from the partial Steiner system S p (k − 1, k, n), it has been proved in [GD] that P (T) H→H ≥ P (T)e H ≥ |S p (k − 1, k, n)|. By Corollary 2.19, we can choose the polynomial P in such a way that we have
Since, one can always choose a partial Steiner system S p (k − 1, k, n) as in 2.11, the theorem follows immediately, except the fact that the Dixon's n-tuple acts on a Hilbert space but not on L p ([0, 1]). However, one can easily overcome this difficulty from the observation that l 2 (N) can always be embedded into
Remark 2.24. As in the case of Hilbert space, one can define the quantity C p (k, n) := sup{ P (T) op : commuting tuple of contractions T on some
Though the major the problem that if C 2 (n) is finite for all natural number n? is still open. However, we get from the above theorem we have the folllowing asymptotic behaviour of the constant C p (k, n)
Remark 2.25. It is easy to see that, instead of L p -space, one can extend Theorem 2.23 to any infinite dimensional Banach space which is K-convex, i.e, for k ≥ 3 a natural number, there exists an positive integer N, a homogeneous polynomial P of degree k in N -variables and a commuting tuple of contractions T = (T 1 , . . . , T N ) on X such that
For associated notions of K-convexity (which is equivalent to 'locally π-Euclidean'), see [PG3] .
One might wonder if Theorem 2.23 could be done for homogeneous polynomials of degree two. In [N] , the author proved the following inequality
We refer the above inequality as the Varopoulos inequality. In view of this, it is not very clear how can we manipulate the techniques of Theorem 2.23 to deal the case for homogeneous polynomials of degree two. For this, we take help of some explicit counterexamples, which were constructed in [N] and [RS] .
For any n × n complex matrix A := a ij , define P A , two degree homogeneous polynomial, by P A (z 1 , . . . , z n ) = n i,j=1 a ij z i z j . Suppose P is the following polynomial of degree at most two in n variables
a jk z j z k with a jk = a kj (can be assumed without loss of generality) for all j, k = 1, . . . , n. Corresponding to P, one can define the following (n + 1) × (n + 1) symmetric complex matrix
Let H be a separable Hilbert space and {e j } j∈N be a set of orthonormal basis for H. For any x ∈ H, define x ♯ : H → C by x ♯ (y) = j x j y j , where x = j x j e j and y = j y j e j . For x, y ∈ H, we set x ♯ , y = x ♯ (y). Let H ♯ := x ♯ : x ∈ H . Let H ♯ be equipped with the operator norm. Since the map φ : H → H ♯ defined by φ(x) = x ♯ is a linear onto isometry, therefore H ♯ is linearly (as opposed to the usual anti-linear identification) isometrically isomorphic to H. Definition 2.26 (Varopoulos Operator) . Let H be a separable Hilbert space. For x, y ∈ H,
The operator T x,y will be called Varopoulos operator corresponding to the pair of vectors x, y. If x = y then T x,y will simply be denoted by T x .
Lemma 2.27 ( [RS] ). Suppose A = ((a jk )) is a non-negative definite n × n matrix. Then
a jk s j s k .
Remark 2.28. For any matrix A, one can associate a symmetric matrix S(A) = (A+A t )/2, which has the property p A D n ,∞ = p S(A) D n ,∞ . Thus previous lemma holds true for all matrices A for which S(A) is non-negative definite or negative definite.
Theorem 2.29. Let 1 < p < 2 be such that
) and a homogeneous polynomial P of degree 2, such that
Proof. To prove the theorem, we need the Reeds-Fishburn matrices which were introduced in the beginning of Section 3. in [RS] . Let k be a positive integer and
be the Reeds-Fishburn matrix of order l. It has been proved in [FJ] that
a ij X i , X j = 2k(k − 1) 2 and sup
A careful counting argument gives us l i,j=1 |a i,j | = 2k(k − 1)(2k − 3). Hence, by Lemma (2.27) combined with the Riesz-Thorin complex interpolation, we obtain
Therefore, for this class of polynomials, we have
If we consider, the commuting tuple of Varopoulos operators T X = {T X i : 1 ≤ i ≤ l}, we can immediately see that
Therefore, we have an estimate
which clearly goes to 1 2 9 p ′ as k → ∞. Therefore, we have
n-Matsaev property if and only if
for all polynomials P in n variables, where R = (R 1 , . . . , R n ) are non-commutative shift operators.
Remark 3.3. Let T = (T 1 , . . . , T n ) be a commuting tuple of isometries (not necessarily onto) on S p . Then, it folloes from (2.9) that T = (T 1 , . . . , T n ) has non-commutative n-Matsaev property.
Lemma 3.4. Let 1 ≤ p ≤ ∞ and P be a complex polynomial in n variables. Then we have
Proof. First consider the operator D :
where e i 1 ,...,in , i j ∈ Z is the cannonical basis of ℓ p (Z n ). The operator D is nothing but the diagonal embedding of ℓ p (Z n ) into S p (⊕ Z n ℓ 2 (N)). From this, it is easy to conclude the above lemma.
Remark 3.5. Let T = (T 1 , . . . , T n ) be a commuting tuple of isometries (not necessarily onto) on S p . Then, it follows from the above lemma and Theorem (2.9) that T = (T 1 , . . . , T n ) has non-commutative n-Matsaev property.
Let M be a von Neumann algebra. We say that M has QWEP if it is the quotient of a C * algebra having weak expectation property. 
) extends toa bounded map and we have
Lemma 3.7. Let M be a von Neumann algebra with QWEP and which possesses a normal faithful semifinite trace. Suppose 1 < p < ∞. Then, for any complex polynomial P, in n variable, we have
Corollary 3.8. let M be a von Neumann algebra equpped with a normal faithful semifinite trace and 1 < p < ∞ and T = (T 1 , . . . , T n ) be a commuting tuple of contractions on L p (M) . Suppose thre exists a von Neumann algebra N with QWEP equpped with a normal semifinite faithful trace, an isometric embedding J :
Proof. Take a complex polynomial P in n variable. Then,
We recall the basics of q-Fock space.
Definition 3.9 (q-Fock space and q-von Neumann algebra). Let S n be the permutation group over the set {1, . . . , n}. If σ ∈ S n , we denote |σ| to be the total number of inversions of σ, i.e. |σ| := |{(i, j) : σ(i) > σ(j), 1 ≤ i, j ≤ n}|. Let H be a real hilbert space and H C , its complexification. If −1 ≤ q ≤ 1, the q-Fock space over H is defined to be
with a sesquilinear form defined as
The unit vector Ω is called the vacuuam. Notice that for −1 < q < 1, the sequilinear form is actually strictly positive definite and defines an inner product on F q (H). For q = 1 and q = −1, one must take quotient by the kernel to get an inner product. In this way, one obtains the symmetric and antisymmetric Fock spaces respectively. One defines the so called creation operator l(e) :
The creation opeartors satisfiy the following q-relation
We denote w(e) : F q (H) → F q (H) to be the operators w(e) = l(e) + l(e) * . The q-von Neumann algebra Γ q (H) is the von Neumann algebra generated by {w(e) : e ∈ H}. It is a finite von Neumann algebra with the trace τ q (x) = x, xΩ , where x ∈ Γ q (H). A matrix A in M I defines a contractive Schur multipliers on B(l 2 I ) if and only if there exists an index set K and unit vectors u i , v j in l 2 K such that a i,j = u i , v j for all i, j ∈ K. Also if the matrix A is real then one can choose the unit vectors to be real. Recall that every contractive Schur multiplier on B(l 2 I ) is automatically completely contractive. We say that a matrix A in M I is a completely positive Schur multiplier if and only if on B(l 2 I ) if and only if for any finite set F ⊆ I the matrix (a i,j ) i,j∈F is positive. In this case, it is known that there exists an index set K and unit vectors u i , u j in l 2 K such that a i,j = u i , u j for all i, j ∈ K. Again if the matrix A is real one can take the unit vectors to be real. We denote by H A and H B the completion of the real pre-Hilbert space obtained by taking quotient by the corresponding kernels respectively. We consider
. We define the elements
We equip M with the trace τ M = T r ⊗· · ·⊗(τ A ⊗τ B )⊗· · · . We define the conditional expectation opeartor E :
We define the following shift operators
for all integers k. We shall only prove (1). We proceed by induction.For k > l we have In this section, we generalize the Matsaev's conjecture for semigroups. To motivate, we observe that the original Matsaev's conjecture is actually a discretized statement. Thus, in case of semigroups, everything should be replaced by a proper continuous analogue. For more on connection with semigroups, we refer the readers [F1] and [F2] .
Let R n + = {(t 1 , . . . , t n ) : t i ≥ 0, 1 ≤ i ≤ n} be the positive cone and X be a Banach space. By a n-parameter semigroup (T t 1 ,...,tn ) t i ≥0,1≤i≤n ∈ B(X) we mean that
(1) T t 1 +s 1 ,...,tn+sn = T t 1 ,...,tn T s 1 ,...,sn for all (t 1 , . . . , t n ), (s 1 , . . . , s n ) ∈ R n + . (2) T 0,...,0 = I. We say that the semigroup (T t 1 ,...,tn ) t i ≥0,1≤i≤n is a strongly continuous semigroup, if in addition one has lim x→0 T t 1 ,...,tn x − x X = 0, for all x ∈ X. Definition 3.13 (Semigroups having Matsaev property). Let (T t 1 ,...,tn ) t i ≥0,1≤i≤n is a strongly continuous semigroup of operators in B(X). We say that (T t 1 ,...,tn ) t i ≥0,1≤i≤n satisfies n-Matsaev property if and only if (3.1) , for all b ∈ L 1 (R n ) with support of b contained in R n + and τ is the translation invariant semigroup on L p (R n ) defined as τ t 1 ,...,tn f (s 1 , . . . , s n ) := f (s 1 − t 1 , . . . , s n − t n ), for all (t 1 , . . . , t n ) ∈ R n + and (s 1 , . . . , s n ) ∈ R n . Theorem 3.14. Suppose 1 < p < ∞ and (T t 1 ,...,tn ) t i ≥0,1≤i≤n is a strongly continuous semigroup of operators in B(X). Suppose for any (t 1 , . . . , t n ) ∈ R n + , the commuting tuple of contractions (T t 1 ,...,0 , . . . , T 0,...,tn ) satisfies n-Matsaev prperty, then the semigroup has n-Matsaev property.
Corollary 3.15. An easy consequence of the above theorem is that any stongly continuous two parameter semigroup (T t,s ) t,s≥0 of contractions on a Hilbert space always satisfies 2-Matsaev property.
Remark 3.16. It would be also interesting to study dilations of semigroups as in [F1] . However, it has been proved in [M] that any two-parameter semigroup of contractions on a Hilbert space admits a unitary dilation.
Remark 3.17. We could not obtain large class of contractions (except isometries), for which the multivariate analogue of the Matsaev's conjecture holds. The main difficulty is that all the known proofs of the von Neumann inequality in two variables essentially depends on Ando's commuting trick. However, in a private communication, Prof. Chrisitian Le Merdy suspected that it should hold for commuting tuple of disjunctive contractions as in [PE2] . It would be interesting to know if a multivariate dilation theorem holds for commuting tuple of positive contractions, even for disjunctive contractions.
